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Abstract 
The clique graph, K(G), of a graph G is the intersection graph of the maximal cliques of G. 
For a natural number n, a graph G is n-convergent if K~(G) is isomorphic to K1 (the one-vertex 
graph). A graph G is convergent if it is n-convergent for some natural number n. A 2-convergent 
graph is called clique-complete. We describe the family of minimal graphs which are clique- 
complete but have no universal vertices. The minimality used here refers to induced subgraphs. 
In addition, we show that recognizing clique-complete graphs is Co-NP-complete. 
I .  Introduct ion 
The clique graph, K(G),  of  a graph G is the intersection graph of the maximal 
cliques of G. The nth iterated-clique graph of G is defined by K n (G) : = K(K" -  1 (G)). 
A graph G is n-convergent if K"(G) is isomorphic to KI (the one-vertex graph). 
A graph G is convergent if it is n-convergent for some natural number n. I f  G is con- 
vergent, the smallest n such that G is n-convergent is the index of G. A 2-convergent 
graph is called clique-complete. Thus, a graph is clique-complete if, and only if, every 
two of its maximal cliques intersect. A graph is clique-Helly if its maximal cliques sat- 
isfy the Helly property. Clique-Helly graphs have been introduced in [3,4] and studied 
in [8, 11], among others. They can be recognized in polynomial time [10]. 
In the study of convergence of iterated-clique graphs, so far most of the results are 
on clique-Helly graphs. In particular, some classes of clique-Helly graphs have been 
shown to be convergent, as is the case of interval graphs [5]. More generally, Bandelt 
and Pilsner characterized the clique-Helly graphs which are convergent [1]. 
The followings are some results on convergence of graphs which are not clique- 
Helly. Every chordal graph is convergent [1], as well as dismanteable graphs [9]. 
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In [2], it is exhibited, for each integer n, a convergent graph G, such that Kn(G) is 
not clique-Helly and the difference between its index and diameter is n. 
A vertex is universal if it is adjacent o all other vertices in the graph. A clique- 
complete graph free of universal vertices is not a clique-Helly graph. We prove that 
every clique-complete graph free of universal vertices contains an induced subgraph 
in an indexed family -~:={Q2n+l: n~>l}, defined in the text. We show that this is 
precisely the family of minimal graphs which are clique-complete but have no uni- 
versal vertices. The minimality used here refers to induced subgraphs. In addition, we 
show that the problem of recognizing clique-complete graphs is Co-NP-complete. This 
implies the hardness of the problem of recognizing whether a graph G is n-convergent, 
given G and an arbitrary integer n. 
All graphs G here have no loops nor multiple edges. We denote by VG the vertex 
set of G and by EG its edge set. The complement -G of G is the graph which has 
VG as its vertex set, two vertices being adjacent if and only if they are not so in G. 
A subgraph H of G is a graph where VH C_ VG and EH C EG. For X a set of vertices 
of G, we denote by G[X] the subgraph of G induced by X, that is, the vertex set of 
G[X] is X and two vertices are adjacent in it, if they are so in G. A clique of G is a 
set of vertices pairwise adjacent in G; a clique is maximal, if no proper superset of it 
is a clique. 
For each vertex v of graph G, we denote by N[v] the neighborhood of v, that is, 
the set consisting of v plus each vertex to which v is adjacent. We extend the domain 
of N to subsets X of VG by making N[X] := Uvcx N[v]. 
A circuit Cn is a connected graph with n >i 3 vertices, each of which has degree 2. 
2. The complexity of recognizing clique-complete graphs 
In this section we show that the problem of recognizing 2-convergent graphs is 
Co-NP-complete. 
Theorem 1. The problem of recognizing clique-complete graphs is Co-NP-complete. 
Proofi Let G be a graph. A certificate for the non clique-completeness of G is simply 
a pair of disjoint maximal cliques. To verify the exactitude of this certificate requires 
polynomial time. Hence, the problem of recognizing clique-complete graphs belongs 
to Co-NP. The NP-hardness proof is a transformation from the satisfiability problem. 
Let E be a boolean expression in conjunctive normal form. E is formed by clauses 
Ci, 1 <<.i <~ p, each Ci consisting of the disjunction of qi literals. Construct a graph G 
as follows. There is one vertex labelled vi, for each clause Ci of E. In addition, there 
is a vertex with label wij , for each occurrence of a literal in Ci, 1 <<. i <~ p and 1 <<.j <<. qi. 
Finally, there are two additional vertices ul and u2. The edges of G are the follow- 
ing. There are edges (vi, vk) and (vi, wkj) if and only if i#k, for all 1 <<.i,k<<.p and 
1 <<.j<~qk. Denote by lij the literal of clause Ci corresponding to vertex wij. An edge 
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of type (wij, wu) exists precisely, when i~:k and lij¢lkt. Vertex Ul is adjacent o 
all vertices of G, except u2. Finally, the neighbours of u2 are exactly vl . . . . .  Vp. The 
construction of G is complete. 
We show that E is satisfiable if and only if G is not clique-complete. Suppose 
by hypothesis there is an assignment f for the variables of E, such that E is true 
for f .  Then we can choose vertices wlj, . . . . .  Wpj,, with the property that lij, is true 
in f ,  1 ~< i ~< p. Consequently, liji~lkjk. Therefore, the vertices ul, wlj~ . . . . .  Wpj~ form a 
clique cg in G. Since wiji and vi are not adjacent, 1~<i~< p, c£ must be a maximal clique. 
On the other hand, the vertices u2, vl . . . . .  Vp form a maximal clique of G, disjoint of cg. 
Hence, G is not clique-complete. 
Conversely, let G be a non-clique-complete graph. Then G contains two disjoint 
maximal cliques A and B. Since Ul is adjacent o all vertices except u2, it follows 
that one of the cliques, say A, contains ul and not u2, while B contains u2, but not 
ut. There is only one maximal clique through u2. Hence, B is formed by the vertices 
u2, Vl . . . . .  Vp. Consequently, A contains solely vertices of type wij, besides ul. Since 
wij and wit are not adjacent, 1 <<.j,t<~qi, A contains at most one vertex wij, for each 
i. Suppose A does not contain any vertex wij, for some i. In this case, vi is adjacent 
to all vertices of A, contradicting its maximality. Therefore, A must contain exactly 
one vertex of type wij, for each 1 >~i>~p. That is, A is composed by the vertices Ul, 
wlj . . . . . .  Wpjp. According to the construction of G, each wij, corresponds to a clause Ci 
and to a literal lij of Ci. In addition, since A is a clique the literals llj~ . . . . .  lpjp may 
assume the value true simultaneously in E. Therefore, E is satisfiable, as required. [] 
3. The characterization 
In this section, we present he main result of this paper, namely the theorem which 
characterizes the minimal graphs free of universal vertices uch that KE(G)~-K1. 
Graph G is critical if for each induced proper subgraph H of G, either H contains 
a universal vertex or H is not clique-complete. 
Theorem 2. A graph free of  universal vertices is clique-complete and critical i f  and 
only i f  it is isomorphic to Q2n+l, for  some positive integer n. 
First, we define the graph Qn, for each integer n >~ 3. 
• VQn :={Ul,U2 .. . . .  un}U {Vl,V2 .... ,Vn} is a set of 2n vertices. 
• Q,[{vl . . . . .  V,}]~--Cn. 
• For each i, (1 <.i<.n), N[ui] = VQn - vi. 
Fig. 1 shows the complement of the first two members of the family of minimal graphs 
free of universal vertices which converge to one-vertex graphs. 
Proposition 3. For each odd integer n, (n >~3), the graph Qn & clique-complete. 
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Fig. 1. (a) The graph Q3. (b) The graph Qs. 
Proof. Let A be any maximal clique of Qn. Since Qn[{v] ..... vn}] =Cn, we have 
IA fq {va .... ,Vn} ] ~<(n -- 1)/2. 
On the other hand, for each i (1 <~i<<.n), precisely, one of ui and vi lies in A, since ui 
is universal in G - vi. Consequently, IAI = n, whence 
]A 0 {u I . . . . .  u n}]>~ (n + 1)/2. 
Since this inequality holds for every maximal clique A of Q,, this graph is clique- 
complete. [] 
Proposition 4. Graph Qn is free of universal vertices and also free of induced sub- 
graphs isomorphic to Qp, for every integer p such that 3 <~ p¢n. 
Proof. Graph Q, is free of isolated vertices, whence Qn is free of universal vertices. 
For each integer k ~> 3, Qk contains precisely one circuit, which consists of k vertices. 
We conclude that if 3 ~< p¢n then no subgraph of Q, is isomorphic to Qp. [] 
Proof of Theorem 2. To prove the necessity of Theorem 2, let G be a clique-complete 
graph, free of universal vertices and critical. We derive first some properties of G. 
Proposition 5. The complement G of G is connected 
Proof. Assume the contrary. Let X be the vertex set of a connected component of G. 
Thus, in G, 
VG\XCN[v] (VvEX). 
Let H := G[X], K := G[VG\X]. Since G is free of universal vertices, so too are H 
and K. Since G is critical, neither H nor K are clique-complete. Let AI-I and B~/ be 
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disjoint maximal cliques of H; likewise, denote by AK and Bx disjoint maximal cliques 
of K. 
Sets AH U Ax and BH U BK are disjoint maximal cliques of G, a contradiction. [] 
Proposition 6. The complement G of G is not bipartite. 
Proof. Assume the contrary and let G be bipartite, {A,B} a bipartition of it. Since G 
is connected and free of universal vertices, by Proposition 5 it follows that A, B ~ ~. 
Thus each vertex of A (respectively, B), is adjacent in G to at least one vertex 
of B (respectively, A). We conclude that A and B are (disjoint) maximal cliques of G, 
a contradiction. Hence G cannot be bipartite. [3 
Vertex v of G is quasi-universal if it is adjacent to all but one vertex of VG - v. The 
unique element of VG\N[v] is antipodal to v. It should be noticed that each vertex ui 
of Qn is quasi-universal, vi its antipodal. 
Proposition 7. Graph G contains a quasi-universal vertex. 
Proof. Let u be a vertex of maximum degree in G. Since G is free of universal 
vertices, VG\N[u] is nonnull, let v be one of its vertices, let H := G[N(u) + v]. Since 
u has maximum degree in G, H is free of universal vertices. Since G is critical, either 
H = G or H is not clique-complete. 
It thus suffices to show that H is clique-complete, For this, assume that there exist 
in H two disjoint maximal cliques, A and B. By definition of H, vertex u is quasi- 
universal in H, v its antipodal vertex. It follows that one of A and B contains u, the 
other contains v. Say, u E A, v E B. 
Clique A is maximal in G, for A is maximal in H, u lies in A and no vertex of 
VG\VH is adjacent o u, by definition of H. 
Set BU(VG\VH)  includes some maximal clique C of G, for B is maximal in H. 
Thus A and C are disjoint maximal cliques in G, a contradiction. 
Indeed, H is clique-complete and free of universal vertices. By the criticality of G, 
G = H, whence u is quasi-universal in G. N 
Let RG :--- {v E VG: G - v is clique-complete}. Clearly, the antipodal of every quasi- 
universal vertex of G lies in RG. The following assertion establishes the converse. 
Proposition 8. Each vertex v of RG is the antipodal of some quasi-universal vertex, 
denoted u(v), in G. 
Proof. By hypothesis, G - v is clique-complete and G is critical. Thus, G - v contains 
a universal vertex, u(v). But G is free of universal vertices, whence u(v) is quasi- 
universal in G, v its antipodal vertex. [] 
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We have thus established that RG is the set of vertices that are antipodal to quasi- 
universal vertices of G. 
Proposition 9. For each vertex v of RG, u(v) E VG\RG. 
Proof. Assume the contrary. By Proposition 8, u(v) is the antipodal vertex of some 
quasi-universal vertex w in G. Clearly, w = v. This implies that {v, u(v)} is the vertex 
set of a connected component of G. By Proposition 5, G is a complete graph with 
just two vertices. Thus, G consists of two isolated vertices, therefore it is not clique- 
complete, a contradiction. [] 
Proposition 10. For each vertex v of RG, each of its non-neighbors, except u(v), lies 
in RG. 
Proof. Let w be a vertex in VG\N[v], distinct from u(v). Assume, to the contrary, that 
G-w is not clique-complete. Let A and B be disjoint maximal cliques of G-w. Since G 
is clique-complete, A + w and B + w are (maximal) cliques in G. Since w E VG\N[v], 
vertex v does not lie in AUB. By the maximality of A and B, and since w~u(v), 
it follows that u(v)E A A B, a contradiction. [] 
We are now in position to show that G"~O2n+l, for some positive integer n. 
By Propositions 8 and 9, u:RG ~ VG\RG. Clearly, u is injective. 
We now show that u is surjective, that is, {RG, u(RG)} is a partition of VG. For 
this, let S := RG U u(RG). 
By Proposition 8, each vertex of u(RG) is adjacent o each vertex of VG\RG. 
On the other hand, by Proposition 10, each vertex of RG is adjacent to each vertex of 
VG\S. We conclude that each vertex of S is adjacent to each vertex of VGkS. 
By Proposition 5, G is connected, whence one of S and VG\S is null. By 
Proposition 7, G contains a quasi-universal vertex, whence its antipodal vertex lies 
in RG. We conclude that VG = S and u is bijective. 
By Proposition 6, G is not bipartite. Since each vertex of u(RG) has degree one in 
G, it follows that G[RG] is not bipartite. 
Let X be a minimal subset of RG such that G[X] is not bipartite. Clearly, G[X] is 
a circuit, say, C2n+l. Consequently, G[X U u(X)] _~ Q2~+1. 
By Propositions 3 and 4, Q2~+l is clique-complete and free of universal vertices. 
Since G is critical, we conclude that G "~ O2n+l. This completes the necessity proof of 
Theorem 2. [] 
Corollary 11. A clique-complete 9raph free of universal vertices contains an induced 
subgraph isomorphic to Qzn+l, for some positive integer n. 
Proof. Let G be a clique-complete graph free of universal vertices. We show, by 
induction on IVG[, that G contains an induced subgraph isomorphic to Q2n+l, for 
some positive integer n. 
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Fig. 2. Graph Q~. 
If G is not critical, then it contains an induced proper subgraph, H, that is clique- 
complete and free of universal vertices. By induction hypothesis, H contains an induced 
subgraph isomorphic to Q2n+l. If G is critical, then, from the necessity condition of 
Theorem 2, G-~ Q2~+l. In both cases the assertion holds. [] 
To prove the sufficiency of Theorem 2, we show below that Q2n+l is a clique-complete 
graph free of universal vertices and critical. 
Propositions 3 and 4 assert hat Q2n+l is clique-complete and has no universal vertex. 
It remains to prove that Q2,+1 is critical. Let H be a clique-complete induced proper 
subgraph of Q2,+1. By Corollary 11, either H contains a universal vertex or it contains 
an induced subgraph isomorphic to Q2p+l for some positive integer p. In the latter case, 
Q2~+l would contain a proper induced subgraph isomorphic to Q2p+l, in contradiction 
to Proposition 4. Therefore, H contains a universal vertex. Since this conclusion holds 
for every clique-complete proper induced subgraph of Q2,+1, this graph is critical. The 
proof of Theorem 2 is complete. [] 
From Theorems 2 and 11 we deduce that family .~ := {Q2n+l: n>~ 1} is the family 
of minimal clique-complete graphs free of universal vertices. 
We conclude this section by giving a finite family of graphs that occur as induced 
subgraphs of each clique-complete graph. This family consists of just two graphs, 
namely, Q3 and Q~, the latter obtained from Q3 by adding one edge joining vl and v3 
(Fig. 2). 
Corollary 12. Every clique-complete 9raph with no universal vertex contains Q3 or 
Q~ as an induced subgraph. 
4. Conclusions 
We have constructed all minimal clique-complete graphs without universal 
vertices. In other words, we have described the family of minimal graphs which con- 
verge in two steps to the one-vertex graph. Clique-complete graphs have been first 
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studied in [7]. The following propositions can be proved as a consequence of this 
characterization. 
Graph G is perfect if, for each induced subgraph H of G, its chromatic number 
equals the size of its maximum clique [6]. 
Every perfect graph is free of induced circuits C2n+1 and their complements, for any 
integer n ~> 2. Thus, for each n/> 2, Q2n+l is not perfect. On the other hand, Q3 is 
perfect. 
Corollary 13. Every clique-complete p rfect graph free of universal vertices contains 
Q3 as induced subgraph. 
We observe that graph Q3 is neither a comparability nor a co-comparability graph [6]. 
Corollary 14. Every clique-complete (co-)comparabifity graph contains a universal 
vertex. 
Corollary 15. Every clique-complete interval 9raph contains a universal vertex. 
Finally, it follows that every clique-complete graph free of universal vertices and not 
containing Q3 as an induced subgraphs necessarily contains the complete graph K2n+l 
for n ~>2. 
Corollary 16. Every clique-complete planar graph free of universal vertices contains 
Q3 as an induced suboraph. 
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